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>'■ ... . . . . n 

, The Dirac equation in a f{R) Riemann-Cartan cosmological scenario admits solutions m, 

I that are shown here not to be Dirac spinor fields, which seems to play a fundamental role on 

(N . the matter fields properties in such cosmological framework, as: a) spinor fields in torsional 

I f{R) or conformal gravity, that satisfy the Dirac equation, correspond to non-standard, fiag- 

' pole, spinor fields (in both Lounesto and Wigner classification); b) the field equations imply 

a constraint among the bilinear covariants associated to the spinor field. Some constraints 
' imposed on the metric and/or on the spinor field imply that an isotropic universe with matter 

fields circumvent the question that Dirac fields do not undergo the cosmological principle. 
Remarkably, if the spinor fields are assumed to satisfy the Dirac equation, they are shown 
not to be legitimate Dirac spinor fields, under Lounesto spinor field classification, but indeed 
fiag-dipole singular spinor fields. Such type of spinor fields can still be led to fiagpole spinor 
fields, which encompass Elko — a prime candidate to the dark matter problem — and Ma- 
jorana spinor fields. This case is evinced when the spin direction associated to the spinor 
field vanishes, providing an anisotropic universe without fermionic torsional interactions. 
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I. 



INTRODUCTION 



From a purely mathematical perspective, torsion is as necessary and important as the curvature 
of the spacetime itself. In a geometry that incorporates a differential structure, the introduction of 
covariant derivatives is as inevitable as the definition of the metric, respectively encoded in terms 
of the connection and the metric tensor. Moreover, the connection in the most general case is not 
symmetric as well as the metric is not flat, giving rise to torsion and curvature. 

On the other hand, also from a genuine physical point of view, torsion and curvature are both 
relevant. In fact, according to the Wigner classification of particles in terms of their masses and 
spin, physical fields are known to be characterized by both energy and spin density. In the most 
general case, wherein all geometrical quantities must be coupled to corresponding physical fields 
through specific field equations, the fact that torsion couples to the spin density through the 
Sciama-Kibble field equations has much the same meaning of the fact that curvature couples to 
the energy density through the Einstein field equations. The vanishing of torsion is not the most 
general case but solely the most general spinless situation, in the sense that Einstein gravity is not 
the most general theory but merely the most general dynamical solution in absence of spinning 
matter of the Einstein-Sciama-Kibble (ESK) gravity. 

Hence the most general ESK theory must be considered when general dynamical matter fields 
are taken into account. This is clear when filling the spacetime with spin matter fields. In this 
case the torsion is linked to the spin density of the matter field and, as the theory is formulated at 
the least-order derivative in all field equations, torsion is algebraically related to the spin density. 
This has a prominent and interesting consequence: in all curvatures and covariant derivatives, 
it is possible to split all torsional contributions apart, therefore substituting torsion by the spin 
density of the spin matter field. As a consequence all field equations of the ESK theory reduce to 
the same equations that one come across with in the torsionless theory complemented by spin-spin 
self-interacting potentials, enriching the dynamics. Such an enrichment is so obvious and important 
that non-linearities appear, even in the matter field equations. 

This fact is best realized in the simplest matter field, namely the spinor field satisfying the Dirac 
equation. Notice that we refrain ourselves to refer to this spinor field as the Dirac spinor field. As 
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we shall see, a spinor field is not completely determined by its dynamics: a spinor field obeying the 
Dirac equation is not necessarily a Dirac spinor field. Dirac fields have torsional effects impelling the 
<j)^^ (j)(j)"f ^(f) potential, which is the usual Nambu-Jona-Lasinio (NJL) potential. It is not unexpected, 
since one may simply assert that torsion for the Dirac field equation is the geometrical justification 
of the the NJL potential in the Dirac field equation. Notwithstanding, when one takes a closer look 
at that potential, it is possible to realize that there is a fundamental difference between torsional 
effects and the original NJL potential. Indeed, the two potentials appear with opposite sign. It 
means that torsion is repulsive whereas the NJL potential is attractive. This is expected, since 
torsion is related to the spin and therefore it must present the character of a centrifugal barrier, 
which is repulsive, while the NJL potential should not. It was chosen to be attractive for reasons 
that are here irrelevant. The fact that torsion has rotational features that create a sort of centrifugal 
barrier has the consequence that the spreading of the wave packet associated to the spinor field 
increases, and therefore its stability is compromised. 

In order to circumvent this problem, one can accept the fact that these fields possess axially 
symmetric solutions exclusively. Another way consists in the option for which restrictions should 
be imposed on the spinor field. For instance, by assuming constraints on the form of the spinor so 
that (j)^'^(/)(f)j^(f) = 0, in order to have no torsional influence on the spinor fleld dynamics. However, 
the cognizable risk is to restrict so severely the spinor field that it might degenerate into something 
that is no longer what it is known to be the Dirac spinor field. In fact, according to the Lounesto 
spinor field classification, a given spinor field can be cast into six distinct classes: Dirac fields in the 
proper sense belong to any of the first three classes. Nevertheless, according to the aforementioned 
restrictions, one gets a spinor field belonging to the fourth class, a type- (4 ) (flag-dipole) spinor 
field. Corresponding to the fifth (flagpoles) and sixth classes are yet other forms of spinor flelds, 
in particular Majorana, Elko, and Weyl spinor fields. Inasmuch as subsets of the first three classes 
— as the legitimate Dirac spinor fields — are prominently relevant and well-studied in quantum 
field theory and its phenomenology, the fourth spinor fields class should be better understood. It 
contains spinor flelds precluding torsion to affect the dynamics provided by the fleld equations. 
Herewith, it allows type- (4) spinor fields to be compatible to conditions of stability and spherical 
symmetry of the background. Therefore, these type-(4) fiag-dipole spinor fields would also be 
compatible with even more symmetric configurations such as those met in cosmological models. 

Accordingly, it is essential to better comprise the properties of type-(4) spinor flelds, for instance 
by flnding speciflc solutions in the case of special symmetries in the ESK gravity. However, this may 
not be enough: the ESK gravity is built on an action presenting the Ricci scalar R alone. Recently 
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some generalizations emulate the ESK gravity, erected on actions that are generic functions of 
the Ricci scalar as f{R)- They attract much interest, especially in cosmological applications, 
and thereupon an even stronger result is to find possible solutions for the type- (4) spinor fields 
dynamics, in the case of ESK-like f{R) gravity. 

In this paper one of the main aims is to show that matter fields which are solutions of the Dirac 
equation, in the cosmological context throughout the paper, are not Dirac spinor fields. We intend 
to exhibit a physical solution of the Dirac equation that for the first time, as far as we know, is a 
flag-dipole singular spinor field. Flagpoles and flag-dipoles — type-(5) and -(4) spinor fields under 
Lounesto classification — are usually disseminated in the literature as a mathematical apparatus to 
support Penrose fiags on the light-cone and twistor theory, among other interesting applications. 
Although they may be constructed via pure (Weyl) spinor fields in lower dimensions, up to now 
there was no dynamical equation which matter field solutions corresponded to flag-dipoles. It 
might seem that trivial geometries are more leaning on the existence of spinor fields other than 
flag-dipoles. In particular, we shall demonstrate that the Dirac equation in torsional f{R) gravity 
has flag-dipole spinor flelds as solutions. 

This paper is organized as follows: in the next Section we introduce the Lounesto classification 
program according to the bilinear covariants and provide some necessary concepts concerning type- 
(4) spinor fields. In Sec. Ill we study the solutions for spinor fields in the context of Riemann- 
Cartan geometries to the f{R) and conformal gravity cases and show that they are non-standard 
singular classes of Lounesto's classification. In Sec. IV we conclude. In the Appendix we show 
how to construct the most general type- (4). 

II. NON-STANDARD (FLAG-DIPOLE) SPINOR FIELDS 

This Section is devoted to briefly provide some properties on the flag-dipole spinor flelds, where 
the most relevant general properties regarding such spinor flelds, and the notation fixed throughout 
the text as well, are introduced. 

Classical spinor fields carry the D^^^'^'^^ © /)(0'i/2) representation of the Lorentz group 
SL(2, C) ~ Spinf 3. They are sections of the vector bundle Pspm^j ^{M) Xp C^, where p denotes the 
/)(i/2,o) 0^(0,1/2) representation of SL(2, C) in C^. Furthermore, classical spinor fields are also sec- 
tions of the vector bundle Pspinf gl^) ^p' C^, where p' is the D^^/^'O) or the dC^'^/^) representation 
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of SL(2, C) in C^. Given a spinor field tp, the bilinear covariants are defined as: 

K = K^ef" = 1phoij0123lfj.tpS^, ^ = -'0^7O7O123V'- (1) 
The set {7^} denote to the Dirac matrices, and the objects in ([1]) satisfy the so-called Fierz identities 



u;2 + c7^ JlK = k2 = -J2, J aK = -(a; + (T7oi23)S. (2) 



A spinor field such that at least one of the uj and the a are null [not null] is said to 
[regular]. Lounesto spinor classification is given by the following spinor field classes js], where J, 
S, and K / for regular spinor fields: 



be singular 



1) a / 0, o; / 0. (3) 

2) cr / 0, a; = 0. (4) 

3) a = 0, oj^O. (5) 

4) (j = = L^, K/0, S^O (6) 

5) a = = K = 0, S / 0. (7) 

6) cr = = w, K / 0, S = 0. (8) 

Types-(l), -(2), and -(3) are Dirac spinor fields in the Lounesto classification, and types-(4), -(5), 
and -(6) are respectively called flag-dipole, flagpole, and Weyl spinor fields. Majorana spinor fields 
are a particular case of type-(5) spinor fields [71 For Dirac spinor fields, S is the distribution of 
intrinsic angular momentum; J is associated with the current of probability, and K is associated 
with the direction of the electron spin Q-S]. The density J is not zero for any kind of spinor field. 
For singular spinor fields, = — = 0. 

By introducing the element Z = a + J + iS + 1X70123 + W70123, Z is denominated a boomerang 
whenever it satisfies 702^^70 = Z. When a spinor field is singular, namely it satisfies a = = u, 
the Fierz identities are substituted by the most general identities [J]: 

Z"^ = aZ, Zi-f^i,Z = AS^uZ, Z-^^Z = iJ^Z, 

Zi^oi23lfiZ = 4:Kfj,Z, ZJ0123Z = -AujZ. (9) 

When one considers a type- (4) flag-dipole spinor fields, the boomerang can be expressed as Z = 
J + lis — i/i7oi23J5 where s is a spacelike vector orthogonal to J. The distribution of intrinsic 
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angular momentum S in ([T]) is provided by S = J A s. The real number /i 7^ is defined in order to 
relate K and J, as K = /iJ, which evinces the definition of helicity, and satisfies h'^ = 1 + s'^ [g]. It 
implies the definition of helicity in quantum mechanics and an equivalent relation for anti-particles 
as well Ql- 

Type- (5) spinor fields are obtained as a particular case where h = 0. In fact, by the expression 
K = hJ, when h = the expressions uj = = a,K. = 0, J^O hold. Type-(5) spinor fields are 
therefore limiting cases of type- (4) spinor fields, as well as type- (6) Weyl spinor fields further are. 
Indeed, it occurs in the limit s — )■ 0, implying that h = ±1. More details on the most general form 
of type- (4) spinor fields are provided in the Appendix. 



III. MATTER FIELDS IN RIEMANN-CARTAN GEOMETRIES 

In the previous Section some features related to type- (4) spinor fields have been introduced, 
and now we shall take into account the Wigner classification, to further study the spinor fields 
properties. According to the Wigner classification in terms of irreducible representations of the 
Poincare group, quantum particles are classified in terms of their mass and spin labels. The 
corresponding quantities for the quantum fields are given in terms of energy and spin densities. 
If one wishes to pursue the same spirit Einstein followed in developing gravity, expressing the 
field equations by coupling the curvature to energy in the most general case where torsion is 
present, one is compelled to write similar field equations coupling torsion to the spin. When this 
is accomplished in the most straightforward way, the Einstein equations for the curvature-energy 
coupling are generalized as to include the Sciama-Kibble equations for the torsion-spin coupling. 
Namely, the ESK system of field equations, which can be obtained by generalizing the Ricci scalar 
written in terms of the metric R{g) by the Ricci scalar written in terms of both metric and torsion 
R{g, T) in the action, and subsequently varying it with respect to the two independent fields. 

Notwithstanding, this is merely the most straightforward generalization of gravity with torsion. 
Other more general theories can be obtained by adding torsion not only implicitly through the 
curvature, but explicitly as well, as quadratic terms beside the curvature R{g., T) + in the 
action. Once the field equations are written down, and all torsional contributions are separated 
and converted into spinor interactions, the effects of these extensions are reduced to a simple 
scaling of the torsional terms, or equivalently of the spinor interaction. It is evinced by introducing 
new coupling constants for such spin potentials. This is cogent in itself, because one of the most 
important problems about torsion in gravity, namely the fact that torsion should have been relevant 
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only at the Planck scales, can be overcome. In fact, in these theories torsion has its own coupling 
constant, that does not necessarily coincide with the gravitational constant 8, ^. On the other 
hand however, those theories do not encompass the possibility to have dynamical extensions, such 
as those provided by higher-order derivative field equations. The two most important higher-order 
derivative theories are the one for which the Ricci scalar R is replaced by a generic function f{R) 



in the action 
action itself 



11 



OH, and the one that is capable of implementing the conformal symmetry in the 



12l ]. In the following we shall deal with both of them. 



A. Torsional /(i?)-Gravity 



This extension of the Einstein-Hilbert action to be a generic function f{R) is captivating, since 
it is the most general, whenever one restricts the Ricci scalar as the sole source of dynamical 
information. In the case which in both metric and torsion are taken into account, the variation 
with respect to a general metric g and a g-compatible connection F, or equivalently a tetrad 
field e and a spin-connection u, yields the metric- affine or tetrad-affine approaches 
correspondent field equations are 



la-lli. The 



1 



1 fdf'{R) 



f>{R) [2 V dxP 

f'{R)R,^-^f{R)g,^, 



_i_ q q\ ph r _i_ a h 



(10a) 



(10b) 



where -Rjj, ejjfc, and Tij^ are the Ricci, the Levi-Civita, and the torsion tensors respectively. The 
Sjj and S^^ denote the stress-energy and spin density tensors associated to the matter fields: the 
conservation laws 



(11a) 



0, 



(lib) 



follow from the Bianchi identities (lO|. In Eqs. fjlip the symbols Vj and R^^^^ denote respectively 
the covariant derivative and the curvature tensor, with respect to the dynamical connection F. 
By denoting F* = e^7^, where is a tetrad associated with the metric, and by introducing 
S/i!/ := |[7^;7i/] the covariant derivative of the matter field is denoted by Diip = ^ -t-Wj^'^S^^V 



and Di^jJ - 
Dii> = ^^- Qii; and AV^ 



— ipio-^'^Sfj_^, where uj^^'^ is the spin connection. One can furthermore indite 



^ + TpQi where 



(12) 
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r ,-' denote the coefficients of the Hnear connection T, since the relation between hnear and spin 



connection is provided by T-^ = u- ^^e^e^j + e^diC^-, as can be immediately calculated. In the case 



of matter fields, the spin density tensor is given by S^^'^ = {V^, Sjj} if) = —\ri^^'' e^yXrK'^ e^e'^^e^ . 
Remember that K'^ is the component of the pseudovector bilinear covariant defined at ([H). The 
stress-energy tensor components of the matter fields are hence described as 

T.f^:='-[^TiDjil^- Dji^T.-ip) and ^f^ := {p + p)UiUj - pgij. (13) 

In Eqs. (|13p . p, p and Ui denote respectively the matter-energy density, the pressure, and the 
four-velocity of the fluid. The trace of the equations ()10bp 

f{R)R-2f{R) = T., (14) 

is supposed to relate the Ricci scalar curvature R and the trace S of the stress-energy tensor, as 



m 



IC 



13h15I|. Furthermore, it is assumed that f{R) 7^ kR — since the case f{R) = kR is solely 
compatible with the condition S = 0. Now, from Eq. (jl4p it is possible to express R = F{Y1), where 
F is an arbitrary function. Furthermore, introducing the scalar field f := f'{F{Ti)) as well as 
the effective potential V{ip) := I [ipF-'^{{f')-'^{ip)) + ip'^{f')-'^{ip)], the field equations (fTOb]) are 
written in the Einstein-like form 



Rij - i^Rgij = -^ij + -^ij + -Tz^i'Pj + + -7^hV>kg gij 

Z if if ip \ I 4 ^^^^ 

-^V\hgi, - V{^)g,,) + V,,S,> + S,f S > - ^S.^^S^^,,, 

where Rij^ R and Vj denote respectively the Ricci tensor, the Ricci scalar curvature and the 
covariant derivative of the Levi-Civita connection. S,-.'* and w.; denote S,-,'' := — t^S,,,'* and ipi ■= 

tj tj Zip I'J 

respectively. In addition to this, the generalized Dirac equations for the spinor field are in this 
context 

iV^Dhi^ + ^T;,rV - = 0, (16) 

where T/^ := T^^-' is the axial torsion^. The symmetrized part of the Einstein-like equations (jlSp 
as well as the Dirac equations (jl6p are written as {lo| 



Rij - \Rgij = -^fj + -sf - + \ ( -"^^i^j + ^'^j^i + ^<fh'Pkg^''gij 



v^^Vhgij - y{'p)gij) + ■^r^K^^rgij 



(17) 



^ It is interesting to note that at this point it is not formally explicit by (|16l) whether we are dealing with Dirac 
equation with torsion in a simply connected space or with a Dirac equation without torsion in a multiply connected 
space-time [TJ]. As both descriptions are mathematically equivalent, we can transpose one formalism into another, 
in order to circumvent such question. 



9 



and 



I6ip 



[a + iujj^] -0 — rmp = 0, 



(18) 



where t,^ := | 
connection. 



and Dj is the covariant derivative of the Levi-Civita 



As spinor fields satisfying the Dirac equation in this scenario are incompatible with stationary 
spherical symmetry jisl . the simplest choice for the background must be at least an axially sym- 
metric Bianchi-I type metric, given by the form ds'^ = dt^ — a?{t) dx^ — dy^ — c^{t) dz'^, where 
the r* = 6^7^^ are given by 



r° = 7°, 



1 



r7 



= —72 



1 



r7 



(19) 



ait) ' ' ^ b{t) ' ' c{t) 
and the tetrad field is given by Cq = (5q , Cj* = a{t)6'^, = b{t)62, and 63 = c{t)6i^, for /i = 0, 1, 2, 3. 
The spin-Dirac operator acts on spinor fields and their conjugates respectively as -DjV' = diil^ — Clit/j 
and Diip = diip + ijjCli, where the spin connection coefficients Cli are given by (introducing the 
notation ai = a, 02 = 6, 03 = c) 



= 0, 







Therefore, the Einstein-like equation (jl7p reads 



d 6 6 c d c rt 
1 1 = 11 . 

ah he ac (p 64ip' 



--LP -pp- 
4 T 



(20a) 



—+—+—— 

ttr as ar as 



p 1 

-- + — 

p p>^ 



.at 3.2 / .. 'T . 1 \ 

VV?— + -;'P - p\p + -p] - V{p) 
at A \ T 



+ 



6V 



(20b) 



where r, s, t denote indexes 1,2,3 different from each other. The Dirac field equation (jlSp assumes 
the form 



^ + TT-V' + im7V - T5-(f^7° + iw7°7^)V' = 0, 

ZT lO(p 

where r := ahc [2^. Together with the conditions 



(21) 



— 



a^-ds — a^dr = U K = 0, 



(22) 



the equations = are automatically satisfied. Finally, the conservation laws together with an 
equation of state of the kind p = Xp — here A is a number between and 1 — yield p+ ^{1+X)p = 0, 
which completes the whole set of field equations, having the general solution given by 



P = Pot 



-(l+A) 



po = constant. 



(23) 
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The matter field in such axially symmetric background is such that conditions (j22p are con- 
straints imposed on the metric or on the matter field. They exist if and only if one of the following 
conditions hold: 

a) imposing constraints of purely geometrical origin by forcing that ah — ha = 0, ac — ca = 0, 
cb — bc = 0. In this scenario there are fermionic matter fields in an isotropic universe, which 
might a priori cause some problem, due to the fact that it is known that Dirac fields do not 
undergo the cosmological principle 



21[. But the result by Tsamparlis [2l|], although valid 
for Dirac spinor fields, does not hold for the other types, according to Lounesto spinor field 
classification. 

b) another condition is to impose constraints of purely material origin by requiring that the 
spatial components of the spin direction satisfy Ki = 0. This represents an anisotropic 
universe devoid of coupling terms matter/axial torsion. In this case there is no fermionic 
torsional interactions. Indeed, the particle spin interacts with the axial component of the 
torsion tensor, and when the spatial components of the spin direction equal zero it implies 
that such particles described by the field "0 do not interact to the torsion. It was argued in 
[li to be unsatisfactory: if Dirac fields are absent then it is not clear what may then justify 
anisotropics. 

c) the last situation would be of both geometrical and material origin by insisting that for 
instance ah — ha = with Ki = = K2 , giving a partial isotropy for only two axes with the 
corresponding two components of the spin vector vanishing. It describes a universe shaped 
as an ellipsoid of rotation about the only axis along which the spin vector does not vanish. 
Notice that by insisting on the proportionality between two couples of axes we inevitably 
get the total isotropy of the 3-dimensional space. Therefore, the situation in which we have 
a = h with Ki = = K2 is the only one that we believe to be entirely satisfactory, and 
we shall henceforth work in this situation, where the only spatial component of the spin 
direction is ^ 0. 

Here, the Dirac and Einstein-like equations (I2ip and ()20|) can be worked out as in [19I . [2^: for 
instance, through suitable combinations of (j20p we obtain the equations 



^(J„.)=0 = |(.r) + ±(.AV). {24a) 



d . , 



3cr 

2m H 



(Kot) = = ^(^or) + 2m{uT). (24b) 
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2 

{Jo) = 



(25) 



while from Eqs. ()24p it is straightforward to deduce that 

with C and D constants. It is worthwhile to emphasize that in this special case the theory has 
an additional discrete symmetry provided by the discrete transformation -0 i— )■ 7^7*^7-'^^, under 
which all field equations are invariant. It implies that in the Dirac equation the total number of 
four complex components is in this case reduced to two complex components. Such assertion is 
equivalent to take flagpole spinor flelds, that have four real parameters. Hence (j24p are the held 
equations to be solved. The compatibility with all constraints allows only three classes of spinor 
fields, each of which has a general member written in one of the following form 

\ VA' + CsinC2e*^2 / 

with constraints tan^i tan (^2 = (—1)"''''"'^ and 9i + 62 — "&! — "^2 = ^rn for any n integer, and also 



1 









\^/K + CsmC2e'^^ J 



v 





VkTCcos Cie'^^ 
Vi^- CsinC2e*'^' 




(26) 



(27) 



with Ci, (^2) ^1) ^2, "i?!, i?2 being time dependent. The most interesting case for us is one of the 
latter two cases, for instance the second spinor field at (j26p as 

/ \ 



— and uj 

T 

d is a type-(4), flag-dipole, spinor field, according to the Lounesto 
22]. It is a remarkable fact: once it is assumed a spinor field ip in a 
/(i2)-Riemann-Cartan cosmology, some type-(4) spinor fields are obtained as the spinor fields (|26p . 
Indeed, there is no assumption in Eq. ()16p that ip is a legitimate Dirac spinor field: it only regards 
a priori a spinor field that satisfies the Dirac equation. As far as we know, this is, up to now, 
the unique physical system whose acceptable solution is given in terms of such spinors. 



for (3{t) = -mt 
Notice that such a spinor fie. 
spinor fields classification 



^ / ^. There are further constraints a = ^, ip^ip = ^ and to = = Kq. 
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On the other hand, when one imposes Kj, = as a constraint of purely material origin, Eqs. (j25p 
implies that Kq = 0. Therefore K^^ = and we obtain a type-(5) spinor field under Lounesto 
spinor field classification, which encompasses Majorana and Elko dark spinor fields. It must be 
stressed that the condition = does not necessarily imply that in this case there is no fermion 
fields satisfying the Dirac equation (jl6p . In fact Majorana spinor fields are well known to satisfy 
Dirac equation, although Elko spinor fields do not satisfy it^. 

In summary, by the solutions above, the so called (heretofore) Dirac fields ip in (j26l [27|) are 
not a Dirac spinor field according to Lounesto classification, but a type- (4) flag-dipole spinor field. 
Besides, since Ki = Q and in particular = 0, by ()25p it implies that we are concerning now a 
type- (5) spinor field, which is a fiagpole. But in this case, it is well-known that type- (5) encompasses 
Elko, Majorana, and the complementary spinor fields, presented at ( (jBSP ). Elko, however, is well 
known not to satisfy Dirac equations, so as we departure from (I25p . Elko is excluded to be a 
solution of such system. The point to be stressed here is that according to the Lounesto spinor 
field classification, -0 can be allocated in any of the six disjoint classes and there is no ah initio 
relation between the type of the spinor field and the associated dynamics. As mentioned, for 
instance, the types-(l), (2) and (3) are Dirac spinor fields in the Lounesto classification, having 
some subset satisfying the Dirac equation. By the same token, type- (6) spinor fields encompass 
Weyl spinor fields, that indeed satisfy Dirac equations. Nevertheless, it was an open problem 
whether type-(4) spinor fields satisfy or not the Dirac equations, but the Dirac equations is shown 
to be dynamically forbidden for the solutions found [l|. 



B. Torsional Conformal-Gravity 

It is worth to finalize this paper pinpointing some recent progress in the study of spinor fields 
in generalized gravity, as well as some open issues which are under current investigation. While it 
is somewhat apart of the main theme of the paper, it is certainly enriching from the bookkeeping 
purposes. In this vein, another interesting higher-order theory of gravity is the one with two 
curvatures, because this is the only case in which conformal invariance can be obtained [ll[. As it 



turns out, there are two ways to implement conformal transformations for torsion: the first is to 



^ In fact, Elko spinor fields [23 . [2J] are eigenspinors of the charge conjugation operator and do not satisfy Dirac 
equation [ij, establishing that {ij'^D^ ± ml) do not annihilate the Elko type-(5) dark spinor fields. Some impor- 
tant applications are provided, for instance, at [2^. There is still the complementary set of Elko and Majorana 
fields, with respect to the type- (5) spinor, whose dynamics is still unknown. Its general form is provided in the 
Appendix B. 
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require the most general (reasonable) conformal transformation for torsion (where by reasonable we 



26[ ) . The another is to insist on the 



mean reasonable according to what is discussed, for instance, in 
fact that no conformal transformation is to be given to torsion (because conformal transformations 
are of metric origin while torsion is independent on the metric). In the former case, because 
conformal transformations link the metric to torsion, one must modify the Riemann curvature 
with quadratic-trace torsion terms in order to get a curvature whose irreducible part is conformally 



invariant 



ll[ |. In the latter case, torsion and curvature are separated and essentially independent. 



Consequently, in the former case [ll|] the field equations are closely intertwined together, while 
in the latter case the field equations are independent thus maintaining the curvature-energy and 
torsion-spin coupling in the spirit of the ESK field equations. 

1. Torsion with general Conformal Transformations 



ll[ |: however, because in 



In the first case the coupling to the Dirac field has been studied in 
this case the field equations that couple torsion to spin are not invertible in general, torsion cannot 
be substituted by the spin density into the Dirac field equations, which therefore remain of the 
general form 

i^D^i^ + ^^ar'l"^ = 0, (28) 

where Wo- is the axial vector dual of the completely antisymmetric part of the torsion tensor. 
What it implies is that the arguments used in [13] cannot be recovered, and therefore stationary 
spherically symmetric symmetries are possible. However, in such a case, the complete antisymmetry 
of the Dirac field does not turn into the complete antisymmetry of torsion but rather in constraints 
for the gravitational fields that cannot be satisfied in general situations. In this case of general 
torsional conformal transformations the Dirac field appears to be ill-defined. 

An alternative situation is therefore to study Elko fields, which has been done in [3]. However, 
their dynamics in terms of cosmological solutions has not been studied yet. 

2. Torsion with no Conformal Transformations 

In the last case 



111 ] the coupling to the Dirac field has been studied showing that the complete 
antisymmetry of the spin density results into the complete antisymmetry of the torsion tensor, 
whose dual is an axial vector given by 

Wp={fK^^K^)-'^'jp, (29) 
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so that torsion can be replaced with the spin density of the spinor field, and the Dirac field equation 
become 

i^^'b^^ - {^^KPKpY^^ ^lu^Yi^ = 0, (30) 

with non-linear self-interaction that are renormalizable; after a simple Fierz rearrangement they 
can be written as 

^7^^/.^ - ( ai^) + i^^] M - 0^75] ^ = 0, (31) 

clearly showing that the type- (4) spinor fields would verify a Dirac field equation of the form 

i^^'b^^ = 0, (32) 



, precisely like the ESK theory. In this case, it again happens 



as if torsion were never present 
that the reasoning performed in [1^ does not apply, stationary spherically symmetric solutions are 
possible, the gravitational field equations would reduce to the torsionless spherically symmetric 
Weyl field equations in a Schwarzschild spacetime. For this type of conformal gravity, the case of 
Elko fields has not been studied yet. 



IV. CONCLUSION 



In this paper, we have explored both the regular and singular spinor fields, establishing the 
general gravitational background with torsion in which the spinor fields are supposed to live in. 
We have proved that some singular fiag-dipoles spinor fields are physical solutions for the Dirac 
equation in torsional /(i?)-gravity. 

Indeed, when considering Dirac-like fields in /(i?)-gravity, the presence of torsion imposes the 
use of an anisotropic background in which the geometric side is diagonal, while, because of the 
intrinsic features of the spinor field, the energy tensor is not diagonal. In this circumstance, the 
non-diagonal part of the gravitational field equations results into the constraints (j22p characterizing 
the structure of the spacetime, or the helicity of the spinor field, or both. In our understanding, 
the only physically meaningful situation is the one in which two axes are equal and one spatial 
component of the axial vector torsion does not vanish. It provides a universe that is spatially 
shaped as an ellipsoid of rotation revolving about the only axis along which the spin density is 
not equal to zero. In the case of conformal gravity, except for the case of torsional conformal 
transformations, for which the Dirac field seems not well-defined, the case of torsion without con 
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formal transformations appears to be well-posed; in this case, the gravitational background is much 
like the torsionless one, and singular type- (4) spinor fields may still emerge. 

In this sense, matter spinor fields do not necessarily describe regular matter fields in these 
theories. In other words, the fact that a spinor field satisfies the Dirac field equation does not 
forbid it to be singular: spinor fields with peculiar properties may always appear. 
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Appendix A: Algebraic, Operator and Classical spinor fields, and the most general types- (4) 

and -(5) 

Let y be a finite n-dimensional real vector space and A{V) = ^k=oA^{V) the space of multi- 
vectors over V, where A'^(y) denotes the /c-forms vector space. Given ijj G A(y), ijj = . The 
conjugation is defined as the reversion composed with the graded involution. If V is endowed with 
a metric r/ one extends it to the whole A{V). Given r, "0,^ G the left contraction is defined 
implicitly by r/(r j'i/',^) = '^(V')'^ ^ 0- The Clifford product between v £ V and tp is provided by 
V?/; = V A ■0 + vj^/^. The pair (A{V),rj) endowed by the Clifford product is the Clifford algebra 
C£p^g of V = W''^, p + q = n. Hereon the case M"'^''^ is going to be considered. All spinor fields are 
placed in a manifold which locally is a Minkowski spacetime (M, r], D,t^,'1) in what follows, where 
M ~ is a manifold, D denotes the Levi-Civita connection associated with rj, M is oriented by 
the 4-volume element and time-oriented by t- Furthermore, {e^} (/x=o,i,2,3) is a section of the 
frame bundle Pso^ -^i^)- {^^} is the frame such that -e,^ = 6ii, with {0^} and {0^} respectively 
the dual bases of {e^} and {e'*}. Furthermore = ie'^e^e^e'^. Hereupon we denote e^jy = e^e^, 
and G^up — e^e^Gp. 

Ideal (algebraic) and operator spinor fields in the spacetime algebra are equivalent concepts [3|]. 
The problem of representing spinor fields by completely skew-symmetric tensor fields (differential 
forms) comes back to Ivanenko, Landau and Fock in 1928, and was considered several times P. [27I. 
An element ^' G Cif^ in the even Clifford subalgebra — which corresponds to an operator spinor 
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— can be written as ^' = p + p^'^e^^, + p^^'^^eQi23- Using, for instance, the standard representation, 
^ can be represented by 

.20 \ f^^ ^3 ^1 ^^ 

^"2 1p4 -1p3 



/ ■ 91 

' p + ip 



—p^^ — ip"^^ 



12 



_p03 _j_ ^^0123 



p + zp 



-P 



.01 



,12 



ip 

_|_ 



13 -23 

p — ip"" p — ip 



^ 2^^^ ^03 _|_ ^^0123 



23 



I • 12 
p + / 



^3 V'l V'l -V'2 
V^4 -V'S "^2 V'l / 



Algebraic spinor fields ip are elements of the minimal left ideal (C ® Cii^^)/, where, for instance 
one can take without loss of generality the idempotent / = j{l + e5)(l + zei2), associated with the 
Weyl representation. Hence ip = ^^{1 + ie^) G (C ^Cii^s)/, where = + 65) is the real 
part of "0- Using the matrix representation it follows the equivalence of operator, algebraic, and 
classical spinor fields 

fipi 0^ 

■02 . 92 
03 93 

\pA oy \^4j 



(Al) 



Appendix B: General type-(4) and type-(5) spinor fields 



In order to better understand the structure of type- (4) and their limiting case type- (5) spinor 
fields, the question we would like to answer is: what is the general form of these spinor fields? In 
order to answer it, let us take a general spinor given by -0 = (/, 5, ??, C)"^> with f,g,r],C G C, and 
the definition of these spinor types given by Lounesto classification [3|. 



Type-(4) 

In this Subsection we aim to characterize the most general type- (4) fiag-dipole spinor field. 
By taking into account the expressions ([6]), ([7]), and ([8]) for singular spinor fields, the condition 
a = = CO results i]f* + S^g* = 0. We have to analyze the possibilities evinced from this equation. 
If / = = g or r/ = = ^, it implies a type- (6) spinor field, with S = 0, and therefore this 
possibility must be dismissed here. It remains the conditions: either = = ^, / = = 5, or none 
of components can be null. In this last case, one can isolate a part of them, for example / = 
Further, the condition K 7^ induces the following possibilities: 

a) If r/ = = e, hence = K2 = 0, and / / Kg ^ / ll^f ; 
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b) If / = = C it implies that Ki = K2 = 0, and A'o / / K-i \\g\\^ / \\r] 



|2. 



c) If all the components are not null, i^i / / ^2 =^ lls'lP 7^ 



In the third case, if ||gf| 



\V 



P, therefore K = 0. Furthermore, still in the third case, \\g\\'^ 7^ 



|7y||2 <^ ||/||2 ^ ||^||2^ Thus, the possible type-(4) spinor fields are: 

0\ fo\ 



(4) 








/lief; V', 



(4) 



9 

7] 



(4) 



/ 9V^' \ 

¥¥ 
9 

V 

\ ^ J 



\9f^\\vf- (Bl) 



If some inequality associated to one of the spinors above does not hold, it turns forthwith to be a 
type- (5), which shall be analyzed in what follows. 



Type- (5) 

We start by noticing how the conditions on the bilinear covariants associated to a type- (5) 
spinor field imply the following conditions on the spinor field components: 

a = = = -V^7oi23V' = w ^ 7?/* + (9* = 0, (B2) 
Ki = 'i/'^7oi237iV' = = ?/'noi2372'0 = K2 =^ gf* + i^f = 0, (B3) 
Kq = tpijousloi' = = V'«7oi2373V' = ^3 =^ l/l^ = \Cf and l^]^ = |?7|^. (B4) 

Eq. (IB4p can be obtained from ()B2p and ()B3p . which are therefore essential to characterize type- (5) 
spinor fields. In this vein, an equation candidate to describe the dynamics of these general spinor 
fields must keep ()B2p and ()B3P invariant. Elko spinor fields obey these equations. 

By performing a straightforward calculation with the aid of Eqs. ()B2p and (|B3|) it is possible to 
obtain 

1 2 



f = -C{v + 9)iv*+9*) 



-r 



r] + 9 
\v + 9\ 



(B5) 



and by taking tan ipi 
ip2 are related by ^ 



"^ ^+g+(^+g)» ) can write / = —^*e'^^'^'^ and g = —ri*e'^^'^^, where ipi and 



tan ip2 



m + e 



^(1 - e-2»'/'i) + [^(1 - e-2j.pi; 



cot tpi. 



(B6) 



When ipi 7^ nvr, that is, 77 + g is not real. 
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However, tanv72 = -coiifi ^ (^2 = V^i + (2A: + l)f , and then e^^^'a = ^21^1 ^i{2k+i)-K ^ _f,2iLp^ ^ 
every /c = 0, 1, 2, . . .. Hence a general type-(5) spinor can be represented by 



(5) 



Writing ^'(s) = {X2^X\V •, it is straightforward to realize that X2 = — io"2Xie^*'''^ 
By taking = 2(/9i — fa more compact form of ()B7|) is 



o-2Xie 



(B7) 



(5) 



(B8) 



Xi 



By acting now the charge conjugation operator 

CV'(g) = A^V'f.^ 1 for C 



23l |. with i© = C72, it yields 
O iG^ 



(5)' 



-iG 



ii' and 



Here conjugates the spinor components. Hence the eigenvalues take place on the sphere S^. 
When these eigenvalues are real and Xi,X2 are dual helicity eigenstates, Elko spinor fields are 
obtained. The rules to obtain type- (5) flagpole spinor fields from Dirac spinor fields are established 



m 



2S 



291 ] and shown to be Hopf fibrations 
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